Abstract. We study compact maximal surfaces in the family of generalized Robertson-Walker spacetimes. We prove an integral inequality for their Gaussian curvature K, with equality characterizing the totally geodesic case. This gives an integral alternative to the irregular behaviour of K, which is due to the fact that the normal fibre bundle is Lorentzian and that our ambient spacetimes are not necessarily spatially homogeneous. We also give some consequences and applications for certain relevant cases of these spacetimes.
Introduction
A maximal surface in an n-dimensional Lorentzian space is a spacelike surface with vanishing mean extrinsic curvature everywhere. The importance of maximal surfaces in spacetimes is well known, not only from the mathematical point of view but also from the physical one, because of their role in the study of different problems in general relativity, as is pointed out in Marsden and Tipler (1980) (see also Choquet-Bruhat (1976) for a systematic study of such surfaces and, more generally, of submanifolds with constant mean extrinsic curvature).
In this paper we study maximal surfaces in the family of cosmological models known as generalized Robertson-Walker (GRW) spacetimes. GRW spacetimes are warped products of a (negatively definite) universal time as a base and a Riemannian manifold F as a fibre (see section 2), and they extend classical Robertson-Walker (RW) ones to include the cases in which the fibre does not have constant sectional curvature. GRW spacetimes include, for instance, the Einstein-de Sitter spacetime, the Friedmann models and the static Einstein spacetime, as well as other relevant geometric models such as the de Sitter spacetime. Moreover, small deformations of the metric of the fibre of classical RW spacetimes give GRW ones. On the other hand, conformal changes of the metric of a GRW spacetime with a t-dependent conformal factor produce new GRW ones.
Since our ambient spacetimes are not necessarily spatially homogeneous, the Gauss equation for the Gaussian curvature K of a maximal surface turns out to be much more complicated (see equation (13) and lemma 2). Moreover, in contrast to the Riemannian case, the normal bundle is not definite here (unless n = 3) and there is no regularity in the behaviour of K even in the best studied cases of surfaces in Lorentzian space forms (see, for example, Estudillo and Romero (1991) , , and Alías and Palmer (1995) ).
Observe that not every GRW spacetime M admits a compact maximal surface. In fact, it follows from (6) that it is necessary for the derivative of the warping function f to vanish at some time t 0 . Geometrically, that means that the ambient spacetime admits a totally geodesic spacelike slice t = t 0 . In that case, every minimal surface of the fibre can be naturally seen as a maximal surface in M whose Gaussian curvature satisfies
where K F stands for the sectional curvature of the fibre restricted to the surface (see remark 3 for the proper definition of K F ) and π is the restriction of the universal time to the surface. However, this inequality does not hold in general for any maximal surface in M even in the compact case . Our main objective in this paper is to prove the following result which gives an integral alternative to the irregular behaviour of the Gaussian curvature, characterizing the totally geodesic case in terms of an integral equality.
and equality holds if and only if M 2 is totally geodesic.
A more geometric interpretation of this integral inequality is given by means of the so-called principal sectional curvatures of a GRW spacetime (see remark 4). In the case of a classical RW spacetime we also find a physical interpretation in terms of the total energy over the surface. Finally, we also discuss some consequences and applications to three relevant cases of ambient GRW spacetimes: (i) the static ones; (ii) those with constant sectional curvature; and (iii) GRW spacetimes representing a physically realistic situation (that is, obeying the timelike convergence condition).
Preliminaries
Let (F , g) be an (n − 1)-dimensional, n 3, (connected) Riemannian manifold and let I ⊆ R be an open interval in R endowed with the metric −dt 2 . Throughout this paper we will denote by M the n-dimensional product manifold I × F endowed with the Lorentzian metric , given by
, where f > 0 is a smooth function on I , and π I and π F denote the projections onto I and F , respectively. That is, (M, , ) is a warped product with base (I, −dt 2 ), fibre (F , g) and warping function f . Following , we will refer to M as a generalized Robertson-Walker (GRW) spacetime.
Let x : M 2 −→M be an immersed spacelike surface in M. In order to set up the notation to be used later, we will denote by ∇ and ∇ the Levi-Civita connections of M and M 2 , respectively, and we will denote by ∇ ⊥ the normal connection of the surface M 2 in M. Let us consider on M the (globally defined) timelike vector field T ∈ X (M) given by T = f (π I )∂ t . From the relationship between the Levi-Civita connection of M and those of the base and the fibre (O'Neill 1983, proposition 7.35) , it is not difficult to obtain that
for all vector fields Z on M. Write along x
where
By taking the covariant derivative in (3) and using the Gauss and Weingarten formulae, we obtain from (2) that
and
for all vector fields X tangent to M 2 , where A T N denotes the Weingarten endomorphism associated to T N , π stands for the function π I along x, and σ is the second fundamental form of M 2 in M. From (4) it follows that the divergence on
Let us consider the function u = − T N , T N on M 2 . Then, from (4) it is not difficult to see that the gradient of u is given by
and therefore
On the other hand, using now the Codazzi and Gauss equations jointly with (4) and (5), we obtain the following expression for the Laplacian of u
where H stands for the mean curvature vector field of M 2 in M, that is, H = 1 2 tr(σ ), K denotes the Gaussian curvature of the surface,R stands for the curvature tensor of M, and {e 1 , e 2 } is a local orthonormal frame tangent to M 2 . Moreover, M being a warped product it is possible to express its curvature tensor in terms of the warping function and the curvature of the fibre (see, for example, O'Neill (1983) , proposition 7.42, remembering the opposite sign of our curvature tensor). In particular, it can be seen that
for all tangent vector fields X, Y ∈ X (M), where
denotes the projection of a tangent vector field X on the fibre F . Finally, from (8) and (9) it follows that
Proof of theorem 1
Let M 2 be an immersed maximal surface in M and let us consider, as in section 2, the function on M 2 given by
From H = 0 we have tr(A T N ) = 0 and the Cayley-Hamilton theorem for
T N )I 2 , where I 2 stands for the identity endomorphism. Therefore, equations (7) and (10) are, respectively, written as follows:
Now a direct computation from (11) leads us to
On the other hand, since T N is a global timelike vector field normal to the surface, we can choose a local orthonormal frame {ξ 1 , . . . , ξ n−2 } of the normal fibre bundle such that ξ n−2 is parallel to T N , ξ k , ξ k = 1 for k = 1, . . . , n − 3 and ξ n−2 , ξ n−2 = −1. From H = 0, the Gauss equation for the Gaussian curvature K of M 2 becomes
whereK stands for the sectional curvature in M of the spacelike plane tangent to
), we obtain from the equation above that
In order to write the sectional curvatureK in (14) in terms of the warping function and the sectional curvature of the fibre, we need the following auxiliary result. For our convenience, we state it in terms of immersed spacelike surfaces, although it is in fact a result about the geometry of the ambient space (see remark 4).
Lemma 2. Let M 2 be an immersed spacelike surface in M. Then the sectional curvature in M of the spacelike plane tangent to M 2 is given bȳ
where K F stands for the sectional curvature in the fibre F of the tangent plane to M 2 projected on the fibre.
Remark 3. Before proving lemma 2, it is worth pointing out that the function K F is well defined on M 2 . In fact, if {e 1 , e 2 } is a local orthonormal frame tangent to M 2 , then K F is given by the sectional curvature in the fibre of the plane e 2 ) e i , T T we have that
where g stands for the Riemannian metric of the fibre, and therefore e F 1 ∧ e F 2 is a nondegenerate plane. Thus, the sectional curvature K F is well defined and given by
where R F stands for the curvature tensor of the fibre.
Proof of lemma 2. Let {e 1 , e 2 } be a local orthonormal frame tangent to M 2 . Writing e i = e 2 ) e i , T T denotes the projection of e i on the base, and using the expression for the curvature tensor of M in terms of its warping function and the curvature of the fibre, it is a straightforward computation to get 
Writing now
Finally, since |T T | 2 = u − f (π) 2 the formula forK follows from (15) and (17).
Using now the formula given forK in lemma 2, equation (14) can be rewritten as follows:
which jointly with (12) implies
Finally, integrating on M 2 , which is now assumed to be compact, the divergence theorem yields 
Remarks
Remark 4. The result given in lemma 2 depends on the geometry of the ambient spacetime and has to do with the sectional curvature of spacelike planes in a GRW spacetime M.
Writing the curvature tensor of M in terms of its warping function and the curvature of the fibre, we have that
for vector fields V , W on M tangent to all spacelike slices F (t) = {(t, p) : p ∈ F }. Thus a plane v ∧ w tangent to a spacelike slice has curvature (in the geometry of M)
where K F (v ∧ w) stands for the curvature in the fibre of the plane v ∧ w, and every plane containing a vector of ∂ t has curvaturē
Following the terminology used for classical RW spacetimes (O'Neill 1983, ch 12), we call these the principal sectional curvatures of a GRW spacetime, and they determine quite well the curvature of M. For instance, it is not difficult to see that a GRW spacetime M has constant sectional curvaturec if and only if: (i) the fibre also has constant sectional curvature (that is, M is a classical RW spacetime); and (ii) their principal sectional curvatures are constantK u =K σ =c; that is, the warping function satisfies the following differential equations
where c is the constant sectional curvature of the fibre (see, for example, Besse (1987) , corollary 9.107).
Observe that for an immersed spacelike surface in M we have that
where {e 1 , e 2 } is a local orthonormal frame tangent to M 2 . This allows us to give a more geometric interpretation for our integral inequality (1) by writing it as
. Remark 5. The integral inequality in theorem 1 can be rewritten using the Gauss-Bonnet theorem as
where χ(M) denotes the Euler characteristic of the surface, and equality holds if and only if M 2 is totally geodesic. Since there are no assumptions either on the warping function f or on the curvature of the fibre, this inequality gives topological obstructions to the existence of certain compact maximal surfaces in certain GRW spacetimes.
Remark 6. In order to find a physical interpretation for our integral inequality, let us observe that in the case of a classical RW spacetime, the flow given by the vector field ∂ t is that of a perfect fluid with energy density function given by
where c is the constant sectional curvature of the fibre (see O'Neill (1983) , ch 12, for the details in the case n = 4). Therefore, our integral inequality (1) provides us with the following lower bound for the total energy over a compact maximal surface in a classical RW spacetime,
with equality characterizing the totally geodesic case.
Consequences and applications
First, it should be pointed out that the integral inequality given in theorem 1 becomes relevant mainly in the non-static case (recall that a GRW spacetime is said to be static when the warping function is constant, f ≡ 1). In fact, for a compact maximal surface in a static GRW spacetime, the integral inequality above can be improved by seeing that the integrand is itself non-positive everywhere.
Proposition 7. Let M 2 be a compact maximal surface in a static GRW spacetime. Then K K F everywhere, and equality holds if and only if M 2 is totally geodesic.
Proof. It follows that in the static case the gradient of π is given by ∇π = −T T , and then we have from (4) and H = 0 that π = − tr(A T N ) = 0. However, M 2 being compact, this means that π is constant, π = t 0 . Therefore, the surface is lying as a minimal surface in the spacelike slice F (t 0 ), which is a totally geodesic spacelike hypersurface of M isometric to the fibre. Now, from the Gauss equation of M 2 in the Riemannian space F (t 0 ) we get that K K F everywhere, and equality holds if and only if M 2 is totally geodesic in F (t 0 ), that is, if and only if M 2 is totally geodesic in M.
In fact, the proof of Proposition 7 says the following:
Corollary 8. The only compact maximal surfaces in a static GRW spacetime are the minimal ones in the fibre.
For the particular case of classical RW spacetimes (those with constant sectional curved fibre), we have that:
Every compact maximal surface in a static classical RW spacetime has Gaussian curvature bounded from above by the (constant) sectional curvature of the fibre, equality holding if and only if it is totally geodesic.
Let us observe that the result in proposition 7 does not hold if we replace the compactness assumption on M 2 by the completeness of the surface. Actually, there are examples of complete maximal surfaces in the n-dimensional Lorentz-Minkowski space (that is, in the simplest static GRW spacetime) with Gaussian curvature K 0 (see, for example, Estudillo and Romero (1991) and Alías and Palmer (1995) ).
As a first application of our integral inequality (1), we can state the following Bernstein type result for maximal surfaces in GRW spacetimes.
Theorem 9. The only compact maximal surfaces in a GRW spacetime with Gaussian curvature satisfying
are the totally geodesic ones.
Next we will consider the case of ambient spaces with constant sectional curvaturec. In that case, it follows from (19) that the integral inequality (1) can be simplified, being written only in terms of K andc. However, it is necessary first to consider the sign ofc. Without any curvature assumption we have from ∇π = −∂ T t and (6), that
Therefore if M has constant sectional curvature then (21) and (18) give
This equation means that, unless f (π) ≡ 0, 2c is an eigenvalue of the Laplacian of the compact surface M 2 and thereforec > 0. Clearly, ifc 0, then f (π ) ≡ 0 and from (21) π is constant. Therefore we have the following: Corollary 12. The only complete maximal surfaces in a classical RW spacetime of constant sectional curvaturec > 0 with Gaussian curvature satisfying K c are the totally geodesic ones.
Corollaries 11 and 12 extend to a classical RW spacetime of positive constant sectional curvature M the results given in when the ambient spacetime is the de Sitter one. Note that inequality in corollary 11 becomes relevant when χ(M) > 0. As a consequence, and using the same idea as in , corollary 3.4, we also obtain that:
The first non-trivial eigenvalue λ 1 of the Laplacian of a topological 2-sphere maximally immersed in a classical RW spacetime of constant sectional curvaturec > 0 satisfies λ 1 = 2c if and only if the immersion is totally geodesic.
Finally, we are interested in the case of physically realistic ambient spacetimes, that is, spacetimes M obeying the so called timelike convergence condition (TCC): Ric(Z, Z) 0 for all timelike vectors Z, where Ric stands for the Ricci tensor of M. This causality condition says that, on average, gravity attracts. Maximal hypersurfaces (codimension = 1) in GRW spacetimes obeying TCC were studied in Choquet-Bruhat (1975) , while the case of non-zero constant mean curvature hypersurfaces in these ambient spacetimes was considered in . Now we will study the case of two-dimensional surfaces with arbitrarily high codimension. Observe that if TCC holds in a GRW spacetime, then f 0.
In this case, from (21) and (22) we obtain f (π ) 0, and again using (21) we conclude that π is constant. So we have:
Theorem 13. The only compact maximal surfaces in a GRW spacetime which satisfies TCC are the minimal ones in the fibre.
As an application of this result, we consider four-dimensional GRW spacetimes whose fibre is the sphere S 3 with its canonical Riemannian metric. Recall that S 3 is a standard fibre for the usual models of spatially closed GRW spacetimes. In that case, taking into account that the only minimal topological 2-spheres in S 3 are the totally geodesic ones (see for instance Chern (1969) ), theorem 13 implies the following uniqueness result:
The only maximal topological 2-spheres in a GRW spacetime obeying TCC with fibre the Euclidean 3-sphere are the totally geodesic ones in S 3 .
